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Using the equations of the three-dimensional problem of the theory of thermo-elasticity for an anisotropic body the asymptotic
solution of the mixed boundary-value problem for a plate of variable thickness is obtained. It is assumed that the displacement
vector is prescribed on one of the face surfaces of the plate, while the conditions of the first, second, or mixed boundary-value
problem of the theory of elasticity are given on the other surface. Apart from surface forces, the plate is also subjected to given
volume forces and temperature fields. It is proved that the Kirchhoff-Love hypotheses are not applicable to this class of problems.
Iterative processes are constructed and recursive formulae are obtained, which enable the components of the stress tensor and
displacement vector to be determined with an asymptotic accuracy specified in advance. Several examples are considered which
illustrate the effectiveness of the resulting formulae and the asymptotic approach. © 1996 Elsevier Science Ltd. All rights reserved.

The asymptotic method [1-6] has turned out to be especially effective for plates and shells with mixed
boundary conditions specified on the face surfaces [7-9]. In particular, it has been proved that the
hypotheses of the classical theory of plates and shells are inapplicable to this class of problems.
Asymptotic solutions of mixed boundary-value problems were constructed in [7-12] for single-layer and
multi-layer anisotropic strips and plates of constant thickness. As we shall see below, the asymptotic
method is also effective for solving mixed boundary-value problems involving plates of variable thickness.

1. Consider a thin anisotropic body of variable thickness occupying a domain Q = {o, B, y: o, B €
T, (0, B) < v =< @ (o, B), @, (o, B) > O}, where X is a plane inside the body that does not intersect
the face surfaces. The latter are given by sufficiently smooth functions y= ¢,(c, B) > 0 and y= —¢(ct,
B) < 0, where a and J are curvilinear coordinate axes on X which coincide with the principal directions
of anisotropy, and vy is the rectilinear axis perpendicular to X at the point (c, ).
It is required to determine the stress—strain state of such a plate of variable thickness when the
components
uj(=@x)=u;, j=opy (11

of the displacement vector are given on the face surface ¥ = —¢;(c, B) and the conditions of the first
boundary-value problem of the theory of elasticity

O j cos(n.®)+G gcos(n,p)+0 , cos(n.y)=F,;, j=apy (1.2)
the second boundary-value problem
uj@)=ui, j=opy (13)
or the mixed boundary-value problem
(a) o}, cos(n, @) + o cos(n, B) + o cos(n, Y) = F,;, j=0,B
wy (@) =uy (1.4)

(b) uj((Pl) = uj_’ ] = q, B
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Oy COS(, Q)+ Oy cos(n,B)+0,, cos(n,Y)= Fyy 1.5)

are specified on the opposite surface y = —,(a., B), where Fyi(a, B), 7 (a, B) (j = a, B, y) are given
functions and

199 : 1.6
cos(m@) === (a,B;A,B) (1.6)

2 y2
1 1 dg, 109, )
cos(n,¥) n A= [H(A ™ ) +(_B_aﬁ

where A and B are the Lamé coefficients of the first quadratic form.

We assume that the plate is acted upon by volume forces P = {P,, P, P,} and temperature fields
conforming to the Duhamel-Neumann model.

In the equilibrium equations and elasticity relationships we change to dimensionless coordinates and
dimensionless displacements using the formulae

E=o/a, n=Pla, {=y/h=¢"'y/a
Ug =au, ug=av, uy=aw 1.7
(h=max{sup@,(c,B), sup@,(c.p)}, e=h/a)

where a is the characteristic dimension of the plate in the target plane, € is a small parameter and a > A.
As a result, we have the system

1304 , la"aﬂ t 3oy — G kg +2ako Oy +aPy =0 (0LBiE, A, B)
Ao B oan TE ar 0w Oplp+20kaTep T e B

_1_30(,1 |aO'M tem a
A o B o ag

1 u —+akgl =0d110gq +a|20BB +3a130yy + aMO‘BY +a150qay +al60'ab +a“6
A3 (18)

(0,B:E,m;up ;A B;1,2)

W, akgO oy + akyOgy +aby = =0.

| Ow
e'—=gq 10aq +a230pp+...+8360p + 0316

E3
1du 19v
Ban 74-3-&— a(k u+kﬂv)=a,50uu+...+a(,ﬁcuﬂ+a,29
l ow _| 8
A ag -—+E€ at; =aj50yq +-- +a;56a7 +a;60aﬁ+a1;9

(E_.,T\y uy, 5,41 (X.|3,(1.23)

where o are the coefficients of thermal expansion and 8 = T — T is the temperature increment.

In (1.8) the variability with respect to the coordinates could be taken into account by using the
dimensionless coordinates introduced in [1}, rather than (1.7). In the problems under consideration
the solutions are obtained in the form of complete formulae, which implies that the influence of variability
is one of the factors determining a common estimate of the remainder.

We shall seek a solution of (1.8) as an asymptotic expansion

N e
Q= gb 0" (& n,{) (19)

where Q is any of the quantities to be determined, x; = —1 for stresses, and »,, = 0 for strains. For the
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contribution of the volume forces and the temperature field to be commensurable with that of the surface
interactions it is necessary that

N N
1;;_ =“§0 €-2+.\'a—ll_)i(.\')‘ 9=AZb e—l+xe(.\*)(€,n‘c) (110)

The asymptotic form (1.9) differs in a major way from that of the same quantities in the classical
theory of plates For example, here all the stresses have the same asymptotic order, whereas they are
different in the classical theory [2, 5]. Also, we shall find that only in the case of asymptotlc expansmn
(1.9) is it possible to obtain a non-contradlctory system for the unknown coefficients O of the expansion.

Substituting (1.9) and (1.10) into (1.8) and comparing the coefficients of like powers of € on both
sides of each of the equations in (1.8), we obtain a non-contradictory system for the quantities Q“)(E,
1, £) in (1.9). By solving the resulting system and satisfying the boundary conditions (1.1), we obtain
the following recursive formulae, from which to determine the stresses and strains

ol =o'l €& m+olhENL), j=aBy
G = A1300 + A1gOg + A sO g + e (€,1,0)
(aa, BB, af: 1, 2, 6)
‘(C+C2)(AS'40 +Ai4°ﬁy0+A55°§x‘7)O+“(r)(C) uP (L) +u®, L =ho,
(u, v, w; 51, 41, 31, 1=3,4,5)

W=y, u =0, 520 (v, v, w; o, B, Y)
o E)o“"’ 1 ao““)
(\) = 2 (s=1) (€3} (s—1) (5) . .
uY' g[/‘ aé B an +akﬂ(c oﬁﬂ )+2akuoaﬁ +F:l dc (Q’B,é,n,A,B)
ao.(\' )] ao.(.\-—l)
(r) ? ! + 108 (s=1) (s=1) | pls)
y ag B +akg(Tgy +akyGg, + Py dg

o), =B R + B, R" + B4 R{” 1.11)

(aat, BB, of; 12, 21, 61; [=1,2,6

g s 1 aw(“"” ¢
i =0 i s~
(w,v; € m; 5 4; A, B 13 23)
(\) ?(aﬂoau* +az*40'm3, +.. +a‘60a|3: +a“9(\))dc

(s) _. 1 au(.‘.“‘) (s-1) (s) (s) (s) (5)
=430 yys = 41400y, — G150y, — 00

& n; uv; A B kg, kgi 1, 2)

R(x) l au(‘ N +_1_au (=)
B oam A &

- -1 -
- (amk Apk — Qo Ui, )A ’ (ammann mn )A
B =B,,, m#rntk#m, m,n,k=l,2,6

s=1) s—1 L

Aml ==ay B, —ayB,, —ag By
Apl = aplAlI +ap2A21 +ap6A6l +apl‘ Apl # Alp’ p!l = 3’4v5

- 2 2 2
A=ay,8ya65 +2a,50)605 — @) a26 — Ax91 — e}
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The solution (1.11) contains the integration functions o(‘) G(W, o(’) , which are so far unknown but
can be uniquely determined from the boundary condmons on the face "surface Y =¢y(a, B).
1. If the coefficients of the stress tensor (1.2) are given on the face surface Y =¢;(o, B), we obtain

Oito = (D@ + DO + D oL))AT

Ofyo = (DR®Y + DFOE + DFOL)AT

G0 =(D3 DY + Dy + DY d))AT!
Dik=cikcil_czlck’ A, =Cy3 DY +CyyDE + CysDY #0
O = AR + 05, (Y)W + SR (Y)W — 0k (1)) 112)
E)=F; F)=0, 520, j=opy; v,=¢,(a.p)

nj >
Cis=—AiVo—AaVp, Cu=—A Vo —AuVg
Cis =1=A;sWo —AgsWp, Co3 =—Ag Vo —AnWp
Coa=1-AgqWo —AuVWp, Cos =—AgsWy — AysWp
Cu=1 Cyu=-V¥g, GCs=-V¥,

1 d¢;

]
Ya=2%a" B3 B
From the recursive formulae (1.9)—(1.12) it follows that in the case of rectilinear anisotropy of the
compressible layer, when the surface y =@,(a, B) is a plane and the functions y = —@y(a, B), F,
(j = a, B, v) the volume forces P = {P,, P, P,}, and the temperature function (o, B, y) are polynomlals
of degree no greater than m, the iterative process will terminate after (m + 1) steps and the exact solution
of the boundary-value problem for the layer will be obtained [7, 8, 11].

2. Ifthe components of the displacement vector (1.3) are given on the surface Y =¢;(a, B), we obtain
the following expressions for the integration functions G(u)'y(] O %o o(m

Ogyo = DisVi) + DL V™ + DLV (ay, By, yv; SI, 41, 31; 1=5,4,3)
1

v = (u+(-\')_u—(-\‘)+ui-\')(_(p _u* )( )
g+, ? i

O =yt fa, w0 =0, s=0 (B Y 4, v, W) (1.13)
* - -1

Dij=(AkkA AnLAk] )Azl- Du _(A,, i Ajj u %>y

izj#k#i; ,j,k=3,4,5
Ay = Ay (AgsAsy — AggAss)+ Agy (AssAyy — AsyAgs )+ Asa (AggAss — Az Ags)

3. In the case of the mixed boundary conditions (1.4) we have

E{,’o =[(A33C4 ~ A34C3)®Y +(A34Ci3 — A“CM)(D“’ + Dl”"m]A_l

Ofo =[(A35sCay = A3 Cas)D +(A33Cis — AssC3 )0 + DF V7 147 (114)
Olpo =[(A34Cos = A5 Co )Y +(As5Cy — AsyCy5)®R + DEVV 1A

Ay = Ay DS + Ay Dy + Ay D}

4. If the mixed boundary conditions (1.5) are given on the surface v = @,(c, B), we get
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Ol =[(Ag + AWp)Vy" —(Asy + AsWp V" +(AnAsy — Auhsy o147

; Dp-]
Ol =[~(Ass + AggWa)Vs™ +(Ass + AssWo Vg " +(AgsAsy - AssAp)®] 185

. ¥ s -1
Oppo =[(AWa — AusWp)Ve? —(AsWa — Ass¥p)Vp" + (Audss — AsAs)®Y 1AL (1 1)
Ay = AssAgy — AgsAsy +(AyAsy — ApaAsy )W o +(AssAgs — AgsAs3 )W 20

for the integration functions.

It follows that the stresses and strains inside an anisotropic plate (layer) of variable thickness with
the corresponding boundary conditions (1.1)<1.5) can be computed using the asymptotic representa-
tion (1.9) and recursive formulae (1.10)—(1.15) with any asymptotic accuracy specified in advance.
Because the original boundary-value problem is perturbed in a singular way, the resulting solutions
may differ considerably from the exact ones only near the lateral surface. This is where the given
solution of the inner problem must be supplemented with a consistent solution of the boundary-layer
type [13, 14].

To conclude this section we shall investigate the limits of applicability of the above solutions of
boundary-value problems (1.1)-(1.5) and (1.9)—(1.15). The asymptotic character of these solutions
requires that

- N #Q+S A (s) xg+N
Q gbe QW +o(e™®) (1.16)

In the general case it is difficult to estimate the remainder term in (1.16) for each N because of the
multitude of elastic and geometrical characteristics of the plate, functions describing the face surfaces,
and boundary conditions given on these surfaces. Provided that the functions Y = +¢(a, B), 47, F,; 6
have bounded derivatives of any required order, the estimation of the order of magnitude of the first
discarded infinitesimal term of the asymptotic expansion does not present a major difficulty in any
particular problem, which will be illustrated by a separate example.

2. To illustrate the results we shall consider a number of examples.

1. We have a reservoir whose bottom is made of a rectilinearly orthotropic material. Suppose that the bottom surface
is described by the paraboloid of revolution z = a(¥ + y?)/2 in the chosen reference system, the horizontal plane z
= H being the liquid level. We need to determine the stress—strain state across the thickness of the bottom of variable
height depending on the hydrostatic water pressure F,, = pg(H — z), given that the lower surface of the compressible
layer is rigidly fixed at a depth z = —h (i.e. deeper than z = — the bottom is assumed to be absolutely rigid) (Fig. 1).

Thus we have a compressible orthotropic layer -4 < z < @(x, y) of variable thickness with boundary conditions

uj (z=-h)=0, j=xy.z

—ax0 y (9) - ay0 ,, (@) +0 . (@) = axF, 2.1)
—axG ., (@) —ay0,,(9)+0 . (9)=ayF,

—ax0,; () - ays,,(9)+ 0, (9)=-F,

F:|=PS(H“P)» (p=a7'2/2, r2'=x2+-\12
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where p is the liquid density and g is the acceleration due to gravity.

Computing the stresses and strains by (1.11) with the boundary condition (2.1), after the first iteration step we

have
09 =409, 69 = ;00 +arF,, (xy:1,2)

l—az(x2 +y%)
l-a 2A|3"a2_\‘2A23

D = (24 MAss6'D (1,y:5.4), ul¥ =(z+h)ApcY

o0 =0, o¥=-F,

The second iteration step yields

0)
1 ”e
°§z) =fx +“M|3°‘M|r—‘"-a

ac?® 30(0) axf, +ayf, +
o-(l)_o. Z['—"L+ i 0_=l f, )’f_\ fz

(x,y:1.2)

ox a) —a’x®Ap3~a’y Ay
oG (0) ao(o)
o) = A0 +(z+ h)[B,,AS; + BAy — 5

" " 60 ()
') = A360) +(z2+ )| BjpAcc —5 + By Agy —2
y = A0, )| Bi2Ass 3 nhu—g

(0) 30‘(9)
o) = B“(z+h)(A“ J .z

-+ A
dy “ax
ac® | 0)
( —Ag;(z+h)(fx+axAnO)-—AnA;;(z ~h )—H-———An(z+h)2-—5“— (x,:13,23;5,4)

1 30.(0) (9)
u(l) =A33(z+h)0—5(z+h) AI‘Aﬁﬁ = —Az;A“ X2 "'EAI;(ZZ '—hz) —Lp

| ac(o) ao'(o)
3 PR x oy

ao.(O) 30.(0) ©) 30'(0)
Jx =ax(@+h)| By Ass 48 +B),Ay + Begay(@+h) A“?O_;__’_AM |,
a} dy ax

32 faQ o0
+A;Q| —E- - ax| —X A (il,2:5,4)
ox ox a_v

3c® a(,(\? 3@ 36
fz—(p[ 3 + 3 —axA,_;—éik-—ayAn 3y

(22)

(23)

Adding the first two approximations in (2 2) and (2.3), we can determine the components of the stress tensor and
the displacement vector to within O(e ), which is, as a rule, sufficient in practical calculations. By continuing the

iterative computation, one can obtain more accurate results.

2. Suppose that the face surfacesz = y(x,y) and z = —@,(x, y) of an orthotropic layer (plate) of variable thickness
are rigidly fixed. The layer is subject to a temperature field which varies over the transverse coordinate, 8 = 6(2).
It is required to determine the stress—strain state of the layer (Fig. 2). This problem arises, in particular, in the

process of high-temperature stamping out of details of a given shape.
The boundary conditions are

uj(z=<p|)=uj(z=—q)2)=0, J=x,y.2

After the first iteration step we obtain

24
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z uf (xy=0

Zs P'(;gy) ‘0/9—(3_)\—/_\ x
ewy

~Ya (%Y
U; (x,y) -0’ J =X,U,z

Fig. 2.

ca=%«b (x,y:1.2:5.4), o, =230

55 Az
[0
O =A,3£3i¢—(a”8,, +0,B),)0. o, =-—1%
Ay : g
6, = Ay 23— () B, +0tyy By )0 2.5
w = An 11812 +03By) (2.5)

U =03(2+9)P+03(F(2) - F(—@, )  (x,y:13,23)
U, = g33(2+ Q7 )P+ g33(F(2)- F(-¢,))
F4
1
F(z)=106dz, ®= F(- -F
(J) z +(Pz( (-92)- F(9)))

LYl
833 =0y A13 + 0949 + 033
with accuracy O(g).

To estimate the contribution of the physico-mechanical parameters and the variability of the boundary functions
in the next approximation we state the values of the stresses corresponding to the approximation s = 1. We have

o =¢ (“"Zh“’Z C]%g”%+e%[%%§+(¢+9(—¢2))%)
(x,;€,m;13,23;5.4)

+e(¢+6(—¢2}')(a,3%% +0ly 22:?:;;)

of) = A0 +5(C+%’;)(°‘133n %“‘“23312 3: )+€(¢+9( <P2))(“|1311%+a21312 éhgn )

(x.5:A13.A23: 81,82, By, By,)

m _ 92 ad ) )
Oy = 8866(C+-—h—)(a” = —+ 0y — 3% ]+e(¢+0(—«p2 ))[a,, ﬁ+a2; hgé )
Comparing (2.6) with (2.5), we can conclude that the order of the contribution of (2.6) to the general solution
depends on the order of quantities of the type

iu_g“ 9P Ap 0P A de; Ay dg,

Ay 98] T n’ Ayz 3 ' Ay on

from which it follows that the combinations of ratios of the physical parameters and the variability of the
characteristic function given in advance play an important role. If the terms in question are of order ™ as compared
with the corresponding terms in the initial approximation, the above asymptotic form is unsuitable. In practical
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z 9
JE SRR R B N T A T T |

0 9(2) H *Pj A

u(xg)=0, i=x9,2

Fig. 3.

applications one can avoid such cases by an appropriate choice of the geometrical parameters and boundary
functions.

When @,(x, y) = const (i = 1, 2), i.e. for a layer of constant thickness, the solution (2.5) is exact. For arbitrary
¢; the iteration can be continued to obtain a solution with an accuracy specified in advance.

3. Consider a plate of variable thickness in a Cartesian system of coordinates x, y, z. Suppose that the upper
face surface coincides with the plane z = H, which is acted upon by a uniformly distributed normal load with intensity
q (F, = —q), while the lower surface has an arbitrary form z = —@(x, y), with the components of the displacement
vector specified on it. In particular, suppose that the surface is fixed to a rigid support (u; = u, = u; = 0)
(Fig. 3). The plate is subject to a temperature field T — Ty = 6(z), and its own weight (P, = pg) is taken into
account. It is required to determine the stress—strain state. This is a typical problem when constructing foundations
[15].

The solution of the problem with accuracy O(g) is given by

O =—A(g+pgH) - Kipgz=M8 (xx,)y.x31,2,6)
G, =-pgH-2)~¢q, 6,,=06,.=0

e = 1 =(2+ @) Asa (4 +PgH)~ A58 T Kspg(z? %)
(x,y,2:53,43,33;5,4,3) 2.7

§= IO(Z)dz, K,‘ =a,3Bl,-+a23BZ,-+a3(,Bb,~
-9

K,-=(1“B|,- +a2232,~+(11236,~, i=l,2’6
K_] = alel +¢12.I‘K2 +a6"K6 - a3
Aj=ahy +ayhy +agihe ~ Q-3 j=3.4,5
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